2110

Gauge Invariance of Vector Mesons *

L. CasteLL **

Department of Applied Mathematics, University of Kent,
Canterbury, England, and Trinity College, Dublin, Ireland

(Z. Naturforschg. 21 a, 2110—2111 [1966] ; received 8 August 1966)

It has been known for a very long time! that the
MaxweLL equations for the free electromagnetic field
are invariant not only under the inhomogeneous Lorextz
transformations, but in addition also under the dilata-
tions and special conformal transformations (conformal
group). This is a general property of every field equa-
tion for particles with arbitrary spin and mass zero 2.
Another property which in the conventional theory also
depends on the mass being zero is the gauge invariance
of the equations for the electromagnetic potentials 3. So
the question arises whether gauge invariance can be ex-
plained by conformal invariance.

The Lie algebra of the conformal group of Minkow-
skI space, and the algebra of SO (4,2) are isomorphic.
The group SO (4,2) is the group of motions of a 5-di-
mensional pseudo-hyperbolic geometry. The suggestion
that this 5-dimensional space of constant curvature can
be considered as the generalized space-time continuum
at subatomic level has been worked out in detail 4 5.
The unitary representations %7 of SO (4,2), which are
carried by the solutions of the invariant field equations
for tensors, in general give rise to a continuous mass
spectrum 0 <<m < oo,

The Riemannian metric g, of the 5-dimensional
space is given by *

811 =§22=8_ss = _§44=§55 =L2/ (y
Gur=0 for p=».

%2,

(The fundamental length constant L is connected with
the curvature —1/L2. The range of the coordinates is
given by
—oo <yl < 400,
i kete.=1,2,3.4)
The scalar wave equation

(& VuV,~C[L?) ¢=0,

0<ys << 400,
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where V, abbreviates the covariant derivative, has al-
ready been discussed . The equations for the vector
potential 4, can be written in the form

@"w v# vv—’C/Lg) Aa=0’ (1)

8eV,4,=0, (2)
which is equivalent to
C+4

1
(D+85 as—' ys' 85‘— ~(;5)2‘) AJ'
= (2/y®) O; 45,
1 47
(D+35 Ss— 55 05— '@552’) 4; ®)
= (—2/y°) gi*Q; 4,
g% Qj A+ (85— ';5 )‘45=0,

au=a/ay#’ D:gik ai Ok,
gl=g?—gB— _g_1,
gk=0 for j=+k.

The plane wave solutions ® of (3) are given by
A= 5 (a7 + T ay(1-458p) ) 1(m ),
Ay=€l®) (y%)2 a5 ], (my®),

where

_(py) =pryF,
&/* pjpr=—m?,
(pay) =gi*pjar1=0,
y=+VC+5,

and J,(z) is the BesseL function of order »; from the
one-valuedness of the unitary representation follows
r=0,1, 2,.... The field equation (1) and the gener-
alized Lorentz condition (2) therefore describe a Lo-
RENTZ covariant vectormeson (amplitude aj1) which is
coupled to an Lorentz invariant scalar field (amplitude
a5).

Now for a real field 4, the question arises whether
(1) and (2) are invariant under the generalized gauge
transformation ?

Ap'_>Ao+vof' (4)
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8 We can choose either the positive or the negative energy
solution.

9 An alternative system of equations is given by

8" VuFyo—[(C+4)[L?] 4,=0, @)
where F,,=V/, 4,—V/, 4, . Eq. (1) differs from (1) by
Volgw Vu 4)).

For C = —4 condition (2) follows from (1”), and both
systems are equivalent. For C=—4 Eq. (1’) is more gener-
al than (1) and (2): Eq. (1) is invariant under an arbi-

trary gauge transformation, and we are also free to choose
a non-covariant gauge condition.
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The real function f has to obey the two equations where
2eV,V,f=0, (5) (par)=0, (pb1)=0, (pp)=0.

(g V,V,-C/L?) V,f=0. (6) The gauge functions are superposition of the functions
Both equations are compatible only if C= —4. Eq. (5) fO = (y5)4 i@ + h. c., 9
may be written in the form @ =ei#) +h. c., (10)

3 =0.
(O+8:3- r3s)r-o0. G
y The gauge transformation (9) is a special case of (7),
So f is a superposition of solutions of the form and (10) and (8) are identical. If now we make the

step to the conformal space by taking the limit 3> — 0
we are left with the plane wave solution

f(1)= (y5)2ei(7y) Jz(m y5) +h_ c., (p p) = —m2, (7)
8 Aj=0bj1e®) +h.c., A5=0

f@ =¢i@¥) +h.c., (pp)=0.

With the help of the transformation generated by (7)
we can always choose a gauge in which the component
As is zero, and we are left with a Lorentz covariant
vector meson. The generalized gauge transformation
(4) does not necessarily depend on the condition mass
m=0. The transformations generated by (8) will be
of physical importance for the electromagnetic field in
the conformal space. It is quite a surprising result
however that they exist also for vector mesons.

We now make the step from the 5-dimensional space
to the 4-dimensional conformal space by taking the
limit4 y5— 0. First we look for formal plane wave
solutions of the field Eqs. (3) with mass m=0. For
A5 =+ 0 there exist only solutions if C= —4, i. e. if our
equations are gauge invariant.

of the electromagnetic field. The transformation gener-
ated by (10) is the conventional gauge transformation
for the electromagnetic field (satisfying the Lorentz
condition).

We may summarize our results as follows. The uni-
tary representations of the group SO(4,2) which be-
long the tensors of rank 1, describe a vector meson
and a scalar field with arbitrary mass m == 0. A certain
class of these representations admit gauge transfor-
mations, and therefore describe (in the free field case)
only vector mesons. Moreover only this class contains
also unitary representations which belong to mass
m=0, i. e. the electromagnetic field. The origin of the
gauge transformations of the vector potentials has
therefore to be explained by the special structure of

i ipj this class of irreducible unitary representations. Pri-
A;=eipy) (a~J_ 5)2 1 by + 2L g (o 4) h.c., y repres
! il (°)F+biL 4 5(¥7)%) +h.c marily gauge transformations do not depend on the
As=a5(y%)3 ei®¥) +h.c., condition of vanishing mass.
Uber die Verschiebung zwischen dem lich wie das schon frither von Ponoski 2 3 bei Fluores-

a-Phosphoreszenz- und Fluoreszenz-Spektrum celln i‘:iB’-"“ﬁ‘i.re be?ibadljgetbw_urdg.d —_— P
a5 p n der vorliegenden Arbeit wird das Auftreten der
des Trypaflavins in Flexiglas Verschiebung der Fluoreszenz- und a-Phosphoreszenz-
A. Kawskr, H. Warpzinskr und B. GorczyNskr banden von PMAM-Trypaflavinluminophoren im Va-
Physikalisches Instit}lt d’er Pidagogischen Hochschule, Eg:ler?s:;i el yerenied s, Lt b, Shctoti Do
Gansk, POIeI_I ) Die Zubereitung der festen PMAM-Lésungen von
(Z. Naturforschg. 21 a, 2111—2112 [1966] ; eingegangen am 31. Juli 1966) Trypaﬂavin erfolgte in derselben Weise wie frither be-
schrieben !. Die MAM-Lésungen wurden in planparal-
Kiirzlich wurde iiber neue Beobachtungen der Phos- lele GlasgefiBle eingegossen und im Hochvakuum ent-
phoreszenz von Trypaflavin in Polymethylmethakrylat gast. Die Entgasung erfolgte durch ein zyklisches fiinf-
mit 15% Methanol (PMAM) bei Zimmertemperatur be- maliges: Gefrieren — Abpumpen — Anfeuchten. Dann
richtet !. Die Methylmethakrylat-Lésungen von Trypa- wurden die Losungen unter verschiedenem Luft- bzw.
flavin (MAM) wurden in einem verschlossenen Glas-  Stickstoffdruck abgeschmolzen. Das Begasen der Losung
rohr polymerisiert. Nach dem Zerschlagen der Glas- mit Stickstoff hilt sie frei von Sauerstoff. Die Poly-
gefiBBe beobachtet man, dal die Phosphoreszenz schnell ~merisation begann bei einer Temperatur von ca. 70 °C
verschwindet. Es wurde festgestellt, daB das Maximum und lief dann von selbst bei 30 °C weiter. Um eventuel-
der a-Phosphoreszenzbande nicht mit dem Maximum len photochemischen Reaktionen vorzubeugen, fand der
der Flucreszenzbande zusammenfillt, sondern in Rich- Prozel im Dunkeln statt. Die Messungen der Fluores-
tung lingerer Wellen um ca. 100 A verschoben ist, shn-  zenz- und Phosphoreszenzspektren wurden mit Hilfe
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